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12 December 2023

Warm-up: Give the seventh derivative

of f(x) = sin(2x).

: - d7f "I (7)
This can be written ——or f"""" or f*".
dx’

Answer: —12%cos(2x)



You should memorize these!

Function Derivative

Function Derivative
¢+ f(x) gif
J(x) - g(x) J 80T 1
J(x) + g(x) § o
Jgx) | figlx) - g'x)

xP Pl
g il
sin(x) cos(x)
cos(x) —s1n(x)
In(x) %

In the top rows, p and ¢ must

be constants.




Function Derivative Function Derivative

\/)_C 1 fx) ? S
24/ x g(x) g*
a* a* In(a) These do not need to be

memorized because they
can be figured out from the
Here a must be constant. previous rules. But you can
solve some tasks faster if
you do memorize these.

tan(x) sec(x)?
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In this class:

o finding tangent lines

o approximating function values <« we'll revisit this Eodoqj

o determining when a graph is increasing or decreasing

o finding critical points

o finding absolute minima and maxima

o finding local minima and maxima (1st Derivative Test or 2nd D. T.)

o determining when a graph is concave up or concave down

o calculating certain limits < hew &Od&j

There are hundreds of other applications of derivatives in science/engr.



https://chat.openai.com/chat

Find the local minimum and maximum of x*3 - 3x"2 - 9x.

To find the local minimum and maximum of a function, you can try to find the omts Where

the derivative of the function is equal to 0, because these points are points of mflectlon If
mmmmmmmmmmmm

the derivative is positive on one side of these points and negative on the other side, then
the function is increasing on one side and decreasing on the other side, which means that
these points are local maxima. If the derivative is negative on one side and positive on the
other side, then the function is decreasing on one side and increasing on the other side,

which means that these points are local minima.

The derivative of x*3 - 3x"2 - 9x IS 3x”2 - bx - 9. Settlng thls equalto O we find that the
pomts where the denvatlve IS O are X = O and = 3/2

We can then use the second derivative test to determine whether these points are local
minima or local maxima. The second derivative of x*3 - 3x™2 - 9x is 6x - 6. Evaluating the

second derivative at x = 0 and x = 3/2, we find that the second derivative is -6 at x = 0 and
6 at x = 3/2.

Since the second derivative is negative at x = 0 and positive at x = 3/2, this tells us that x =

0 is a local maximum and x = 3/2 is a local minimum.

So, the local minimum of the function x*3 - 3x*2 - 9x is at x = 3/2, and the local maximum

Isatx=0.

Points where the derivative equals 0 are
critical points. Inflection points are points
where the second derivative changes sign.

You have to say which is left side and
which is right side to know if the point is a
local minimum or a local maximum.

Setting 3xA2 - 6x - 9 equal to zero should
give x =-1 and x = 3, not O and 3/2.

At x = 3/2, the value of 6x - 6 IS 3, not 6.

| asked ChatGPT some other analysis
tasks, and it usually described the
correct method to use (e.g., set the
derivative equal to zero and check
whether f” is positive or negative) but
contained several errors.



Limits (aqain)

Previously, we did these kinds of limits by hand:
o For a continuous function, just plug in the value.

Pt —3" 25410+ 3
- =19

lm —
—5 t—3 5—-3
o Use algebra to re-write the formula.
2
— e 17 — 4)(x + 3
lim TP S S I ) S —
x—4 x—4 x—4 x—4 x—4

o Recognize a derivative setup.

2 + 1Y — 1024
1im(+ = £(2) for x'°, which is 10(2°) = 5120.
h—()



0

It's common to see limits that look like “5” If you just plug in the value

(derivatives always look this way). There is a nice trick we can use for these:

also s[aet{ec&
L’Hc:»spi’iai.

L'HoOpital’s Rule

If f and g are differentiable near x = a, and Iim 19 exists, and either

x—a gX)

o Iim,_, f(x)=0andlim,_,, g(x) =0, or
o llm,_, f(x) =*xocoandlim,_ , g(x) = oo,

then limf(—x) = lim S, .
x—a g(X)  x—a g'(X)

Also true for lim and Iim . Note that cd =+ i it is only the limits that are equal.
x—a™ T 5 5



L’HoOpital’s Rule

Example 1:

Find hmw — use hmf(—x) = 11mf ) |
—»1xt—=x3+4x—-4 x—a g(X)  x—a g'(x)

d

F:ET’S%; checle thak — is ‘ Thein use L,HaPE%QL

.
(1% -1+ 4 -4 " 0

St Sl e i Sxé. mkX. 1
x—1 x4mx3+4x“4~ % —1 4)«3“3)«24-*4
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L’H: For — or ~use llm —— = lim

Example 2. 0 v—a g(X)  x—a g(x)

o osm(x) — x
Calculate hm T TR
x—0 )C3

U sSe L’ H OF? L & OJ.

~iunal answer:




0 oo o f®

Example 3. L’'H: For —or ,use lilm —— = lim

1 L X—d x—=a 9 |
Calculate lim x In(x). 0 o0 8(x) g'(x)
x—07

This is "0 « —c0”,

Lin(x) -0 :
to qet ——. Thewn use L'H.
1/x 0

Re—write as

Final answer: O



0  *oo J(x) /()

S L'H: For —or ——, use lim —— = lim—.
Xampie 4x2 a3 0 + 00 xX—=a g(X) x—a g (X)
Find llm —.

=4 x%2—4

L'H &FL%QL’S Rule does not ampbj here!

Just plug x=4 into the fraction.,

Alnswer: 3



Po i.vv\umials

For a function f(x) and a number a, these two problems are the same:

o Find the function P(x) for which y = P(x) is the tangent line
toy = f(x) atx = a.

o Find the linear function P(x) for which P(a) = f(a) and P'(a) = f'(a).



Example: Find P(x) such that P(0) = f(0) and P'(0) = 1'(0) for
f(x) =In(Bx+1).

What if we want P”(0) = f"(0) also?

oty = SBRTINO) - 5(8)

(3x+1)2
"f”(0> = =0
Rubt how Ao we use Ehis?

= =9/(3x+1)?



v = In(3x+1) In blue
y =3X + K X2 In

%0

= =9 {T’OM b@."f(}\”@. B




T&vi.or Fmtvmmmials

What we have just done is an example of a “Taylor polynomial’.
For f(x) = In(3x + 1), the Taylor polynomial of degree 2 around x = 0 is

9
3x — —x°.
A
o 7 4 ;
The degree 3 Taylor polynomial is 3x — Ex + 9x°.
B 4 9 2 3 51 4
The degree 4 Taylor polynomial is 3x — Ex + Ox° + Tx .

How can we find these in general?



T&vi.or Fmtvmmmials

We want a way to find a polynomial

P(x) = A+Bx+Cx*+Dx>+ - +Zx"

th

that has the same derivatives as f(x), up to the n"'' derivative.

It can also be helpful to think of an “infinite degree polynomial” and say
fx) = A+Bx+Cx*+Dx>+ -

exactly. For example, you may have seen
|
l —r
called a “geometric series” in another class. This is a “Taylor series”.

l+r+r+r+r+.- =



T& v i,(;) v Sev S “f(ﬂ) Y COS (X)

If we want cos(x) = ¢, + Clx+(:2x2+c3x3+c4x4 + .-+ for some
coefficients ¢, ¢y, ..., how could we find the values of the coetfficients?

cos(x) = ¢+ Clx+62)62+ C3x3+c4x4 ;s

o If we plug in x = 0, this becomes cos(0) = ¢,+0+ 0 + ---,
so ¢, must be cos(0), which is 1.

Take a derivative of the entire equation above. Then plug in x = 0 again:

—sin(x) = ¢;+20,x + 3cx% + 4egx” + - “SEM(O} = 3 c1 =0



T& v i,(;) v Sev S “f(’) Y COS (X)

If we want cos(x) = ¢, + Clx+(:2x2+c3x3+c4x4 + .-+ for some
coefficients ¢, ¢y, ..., how could we find the values of the coetfficients?

coS(X) = o + C1 X+ X4 x>+ ux* + - ¢, = c0s(0)/0!
—sin(x) = ¢, +20,x + 3c.x* + dogxd + - ¢, = —sin(0)/1!
—cos(x) = 2¢,+(B - 2)cax + (4 - 3)eux + - ¢, = —cos(0)/2!

sin(x) = 3-2- Deat+ (@ -3 - 2)cux + -+ ¢, = sin(0)/3!

cos(x)=4-3-2-Dc,+(5-4-3-2)cx+-- ¢, = cos(0)/4!
—sin(x) = (5 \ . 3. 1(:5 + - c; = —s1n(0)/5]!

Tku L s! (the “ﬂf&&%@mo&” of 8).



Ta v Lo T series ﬂf(g- T

$00

If we want  f(x) = ¢, + clx+62x2+c3x3+c4x4 + --- then \

¢, = f(0)/0!
¢, = f1(0)/1!
ey, = 12(0)/2!
f = Y(0)/3!
c, = fH(0)/4!

cs = fON0)/5!
o




The Taylor series around x = () for f(x) is
X £
P(x) = Zf ( )x”.

|
A n.
This is f(0) + F(0)x + lx? + oo- §
IS IS X X X orevetr.

For "analytic” functions (which includes many common functions),
the Taylor series is exactly f(x).

The degree N Taylor polynomial around x = 0 for f(x) is

N  p(n)
2} difference is o0
n=0 tskead N af bhe

top of the =,



The Taylor series around x = a for f(x) is

o (n)
P(x) = Zf @) (x—a)".

|
s n.
/ (;a) x2 + --- forever.

For "analytic” functions (which includes many common functions),
the Taylor series is exactly f(x).

Thisis f(a) + f'(x—a)x +

The degree /N Taylor polynomial around x = a for f(x) is

N r(n)
Py Zf @) (x—a)".

n!
n=0




Example: Find the degree 4 Taylor polyn. for f(x) = sin(x) around x = 0.

A

P(x) = Z

k=0

sin(0)

st

0!

0)
k!

wh=

Xk

£(x) = sin(x) LO) =sin(0) =0
£(x) = cos(x) £00) =z cos(0) =1
ﬂf”(x) = wsbm(x) f"(ﬁ) — msim(ﬁ) =0
ff”'(x) = —cos(x) f”’(ﬁ) = -cos(0) = -1
f)(x) = sia(x)  F4(0) = sin(0) = 0

. LI = W w3 o+ SEM(O) w4
2! 3! 4!
w2 + .u...* w3 + 54. w4



Common Taylor serie
R
COS(X) = Hi— capi e e 2 gl o
PLdL o

X3 XS X7

sin(x) =x——4+— — —+
RN e
45 3T = SNE5
e’ = Tt — + — + -
2150 31
S R T
1n(x+1):x___|_____|___...
2 3 4 S

1

]l —x

=l +x+x°+x0+x*+x° + -




Task: Find the degree 8 Taylor polynomial for f{x) = cos(x?).

o Option 1: Compute lots of derivatives.

f(x) = —2xsin(x?) HOEL
f'(x) = —4x” cos(x?) — 2 sin(x?) 770) =0
F(x) = 8x3sin(x?) — 12x cos(x?) f0) =0

FD(x) = 16x* cos(x?) — 12 cos(x?) + 48x2sin(x2)  [(0) = —12

then

U5 O 7 =R ) o 0T e U
Px)=14+ —x“+—x" + X'+ —x"+—x"4+—x'+ X
2! 3! 41 S| 6! 7! 3!
| |
=1 ——x*+—x°
i 24

This is a Lot of work,



Task: Find the degree 8 Taylor polynomial for f{x) = cos(x?).

o Option 1: Compute lots of derivatives.
o Option 2: Use the Taylor series for cosine.

v S R
COSIT) =T — = P gt
21 4L A
232 24 N
cos(xz)zl—(x)+(x)—(x)
2! 41 6!
; e 12
cos(x)=1——4+———+ --.
> 247 720
4 3
X AL A
P(x)=1—-——+4+ —if we stop at x°.

PAeabid



~osm(x) — x
Task: Calculate im ————
x—0 ;x3

o We already know we can do this with L’Hopital (3 times!).

o QOption 2: Replace sin(x) with its Taylor series.
3 5 y

X X X
e o (x—§+—!—7+---)—x
llﬂﬂﬁ————————————— — IUUJ'—————————————————————————————————
x—0 ;x3 x—0 ;X3
x> x> x’
o R TR o
= Jim
x—0 ;x3
1 ) 4 —1
:::]Lnn_(-?;r.+.€§r._.é;r 4_...) BE RN
x—0 ‘ 3]




